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Abstract
Some classes of conﬁgurations in projective planes with polarity are constructed. As the main result, lower bounds for the Ramsey
numbers r(n) = r(C4;K1,n) are derived from these geometric structures, which improve some bounds due to Parsons about 30
years ago, and also yield a new class of optimal values: r(q2 − 2q + 1) = q2 − q + 1 whenever q is a power of 2. Moreover, the
constructions also imply a known result on C4 − K1,n bipartite Ramsey numbers.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Let G1 and G2 be simple graphs, the classical Ramsey number r(G1;G2) is the least positive integer r such that,
given any subgraph H of the complete graph Kr , the graph H contains a copy of G1 or there is a copy of G2 in the
complement ofH.We focus our attention on the case r(n)=r(C4;K1,n), whereC4 denotes the quadrilateral (four-cycle)
and K1,n denotes the star on n + 1 vertices.
Parsons [10] obtained the upper bound
r(n)n + √n + 1 (1)
and was able to compute the numbers
r(n) = n + q + 1 (2)
for n = q2 and n = q2 + 1, where q denotes a prime power. The case n = q2 + 1 is derived from “polarity graphs” on
projective planes, which were constructed independently by Brown [2], and by Erdo˝s et al. [5] in order to investigate
the well-known Turán numbers for C4.
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About 30 years ago, on the basis of subgraphs of such graphs, Parsons [11] proved that r(n) = n + q + 1 also holds
for the following cases:
n = q2 − 2k where q is an odd prime power and 1k(q + 3)/4, (3)
n = q2 − k where q is power of 2 and 1kq − 1. (4)
Therefore the upper bound in Eq. (1) is sharp for the classes given in Eqs. (2) (when n = q2), (3), and (4).
The determination of exact values of r(n) seems to be a difﬁcult problem. Indeed, the topic is so poor of constructions
that, until now, the only exact classes known are those given in Eqs. (2), (3), (4), according to the updated survey by
Radziszowski [13].
As an immediate consequence, the values in Eq. (3) and the monotonicity r(n)r(n + 1)r(n) + 2 (by Chen [4])
yield
n + q − 1r(n)n + q + 1
for the remaining numbers n in the range q2 − q/2 + 1nq2 − 1.
Besides improving these lower bounds, a larger range for n is investigated in this note. Moreover, the constructions
extend Eq. (4), allowing us to reach a new class of exact values: r(q2 − 2q + 1) = q2 − q + 1 whenever q is a power
of 2. More precisely, the main result is stated below.
Theorem 1. Given a prime power q, the following bounds hold:
(1) For any n in the range q2 − q + 1nq2 − 1, where q is odd:
n + qr(n)n + q + 1.
(2) For any n such that q2 − q + 1nq2 − 1 or n = q2 − q − 1, where q is even:
r(n) = n + q + 1.
(3) For n = (q − 1)2, where q4 is even, r(n) = n + q.
It is worth mentioning that small gaps have appeared in other results of the literature. For instance, a classical result
from [12] states that if there is a (v, k, 1)-design admitting polarity, then
r(v − k + 1) = v + 1 or v + 2. (5)
This note is organized as follows. We construct some classes of conﬁgurations with polarity in Section 2. In
Section 3, Theorem 1 is proved by using a known connection between suitable geometries and the numbers r(n).
In Section 4, the same constructions are applied on the C4 − K1,n bipartite Ramsey numbers.
2. Conﬁgurations in projective planes
Let us recall some concepts of discrete geometry (see [7,8] for an overview).A geometric structure is a pairD=(V ,B),
where V is a non-empty set whose elements we call points and B is a family of subsets of V whose elements we call
lines.
Let K be a set of positive integers. A geometric structure D= (V ,B) is called a conﬁguration with parameters (v,K)
if it satisﬁes:
(i) the set of points V has cardinality v;
(ii) |B| ∈ K for each line B ∈ B;
(iii) any pair of distinct points occurs at most in one line of D.
The case where K is singleton, say K = {k}, and the term “at most” is replaced by “exactly”, the conﬁguration D
is often known as a design with parameters (v, k, 1). By Fisher’s inequality, |B| |V | for any design D = (V ,B) with
parameters (v, k, 1). The extremal case |B| = |V | is usually called a symmetric designs.
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An important characterization (for instance, see [7]) allows us to regard projective plane in terms of design theory.
More precisely, deﬁne projective plane as a symmetric design with parameters (v, k, 1), where k3. A look reveals
that all the works [2,5,10–12] make use of homogeneous coordinates. Instead of this approach, our constructions are
based on “cartesian coordinates”.
We focus now on suitable classes of structures and some of their properties. For our purposes, we represent the
elements of the ﬁnite ﬁeld Fq by the symbols in {0, 1, . . . , q − 1}. We put the linear order 0< 1< · · ·<q − 1<q
on Fq ∪ {q} just to label the conﬁgurations and their lines. This is one of the reasons for the choice of “cartesian
coordinates”.
Construction A. Consider the geometric structure D=(V ,B) described below. LetV be the set of points (x, y),where
0xq and 0yq − 1, that is, V = F2q ∪ ({q} × Fq).
The lines are indexed by the elements (x, y) ∈ V in the following way: for each (x, y) ∈ F2q , take
B(x,y) = {(a, ax − y) ∈ F2q : a ∈ Fq} ∪ {(q, x)} (6)
and for any z in Fq , take
B(q,z) = {z} × Fq . (7)
Lemma 2. The geometric structure D is a conﬁguration which satisﬁes the properties:
(p0) for every v ∈ F2q, the ﬁrst coordinates of the points in Bv constitute a partition of Fq ∪ {q};
(p1) |Bu ∩ Bv| = 0 whether u and v are distinct points in {q} × Fq;
(p2) |Bu ∩ Bv| = 1 for any u ∈ {q} × Fq and v ∈ F2q;
(p3) |Bu ∩ Bv| = 1 for distinct points u and v in F2q .
Proof. The ﬁrst two items follow from Eqs. (6) and (7), respectively. Thus, (p2) is a consequence of Eqs. (6), (7), and
(p0). In order to proof (p3), let u = (x, y) and v = (z, w). By construction, note that the point (a, b) in F2q belongs to
B(x,y) ∩ B(z,w) if and only if (a, b) is a solution to the system [ax − y = b and az − w = b]. Let us analyse two cases.
Case 1: suppose x = z (thus y = w). In this situation, the above system does not have a solution. Therefore, Eq. (6)
implies that B(x,y) ∩B(x,w) = {(q, x)}. Case 2: suppose x = z. The corresponding system admits exactly one solution,
and so (p3) also happens in this case. The properties (p1)–(p3) yield that D is a conﬁguration. 
The following concept plays an important role in this topic. Given a geometric structure D = (V ,B), a polarity  of
D is a bijection V ∪ B → V ∪ B such that:
(i) (V ) = B;
(ii) 2 is the identity;
(iii)  preserves incidences: u ∈ (v) if and only if v ∈ (u).
In this case, a point v is absolute (with respect to ) if v ∈ (v). Analogously, a line B is absolute if (B) ∈ B
(see [8,10]).
Lemma 3. The geometric structure D in Construction A admits a polarity  whose absolute points are the solutions
of the equation x2 − 2y = 0.
Proof. Take the bijection  : V ∪ B → V ∪ B deﬁned by (v) = Bv and (Bv) = v for any v ∈ V . In order to
show that  preserves incidence, we analyse three cases: (i) the case where both u and v belong to {q} × Fq follows
from Lemma 2(p1). (ii) The case where u ∈ {q} × Fq and v ∈ F2q is obtained directly by the deﬁnitions in Eqs. (6)
and (7). (iii) It remains the case u = (x, y), v = (z, w) in F2q , which is derived from the fact that (x, y) ∈ B(z,w) is
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equivalent to (z, w) ∈ B(x,y), by Eq. (6). It is easy to see that the absolute points of  are the solutions of the equation
x2 − 2y = 0. 
A few substructures of D are described now.
Construction B. Let D be the conﬁguration arising from Construction A. For any i such that 0 iq − 1, deﬁne the
substructure Di = (Vi,Bi ) of D = (V ,B) in the following way: put
Vi = F2q ∪ {(q, y) : y < i}.
Note that V0 = F2q . We associate Vi to the following set of lines:
Bi = {Bv ∩ Vi : v ∈ Vi and Bv ∈ B}.
By Lemma 2, Di constitutes a conﬁguration with parameters (q2 + i, {q + 1, q}). Denoting i the bijection  restricted
to Vi ∩ B, i is a polarity on Di which keeps the same absolute points of (D, ), by Lemma 3.
Theorem 4. For a prime power q and any i such that 0 iq, there is a conﬁguration Di with parameters (q2 +
i, {q + 1, q}) (parameters (q2, q) if i = 0) admitting polarity i whose absolute points are solutions of the equation
x2 − 2y = 0. Moreover, there is a projective plane D+ such that the inclusions D0 ⊂ D1 ⊂ · · · ⊂ Dq ⊂ D+ hold.
Proof. Denote the conﬁguration from Construction A by Dq , that is, Dq = D, and let Di be the structure deﬁned
in Construction B, for any 0 iq − 1. It remains to extend the conﬁguration D = (V ,B) to a projective plane
D+ = (V +,B+). Let ∞ denote a new point and put V + = V ∪ {∞}. The family B+ is constructed according to the
model below. The line B+v coincides with Bv for any v ∈ F2q . The line B+v is generated from Bv by joining the point
∞, for any v ∈ {q} × Fq , that is, B+(q,z) = B(q,z) ∪ {∞}. Finally, include the “line at inﬁnity”
B+∞ = ({q} × Fq) ∪ {∞} in B+.
Using Lemma 2, D+ produces a symmetric (q2 + q + 1, q + 1, 1)-design; and so D+ constitutes a projective plane.
The polarity of D can be extended to the polarity of D+ as follows: let + : V + ∪ B+ → V + ∪ B+ be the bijection
where + restricted to V ∪ B coincides with , +(∞) = B∞ and +(B∞) = ∞. Here, the absolute points of + are
the solutions of the equation x2 − 2y = 0 plus the point ∞. 
Let us state another class of conﬁgurations.
Construction C. For q = 2r , where r2, deﬁne the structure ̂D = (̂V ,̂B) putting
̂V = {1, 2, . . . , q − 1} × Fq and ̂B = {̂Bv = Bv ∩ ̂V : v ∈ ̂V }.
Note that
̂B(x,y) = B(x,y)\{(0, y), (q, x)}
for every point (x, y), x1. Thus ̂D is a conﬁguration with parameters (q2 − q, q − 1). Moreover, let ̂ denote the
polarity  restricted to ̂V ∪̂B.
3. Connection between conﬁgurations and r(n)
The graphs arising from polarity on projective planes came from [2,5], which were also applied in [11] and extended
to designs in [12]. Analysing the distribution of the absolute lines, a reﬁnement of Eq. (5) has been obtained by whose
statement (when restricted to four-cycle) follows.
Theorem 5 (Gonçalves and Monte Carmelo [6, Theorem 10]). Given a conﬁguration D = (V ,B) with parameters
(v,K) admitting polarity , denote l = min{k, k ∈ K}.
(1) If no line of size l is absolute, then v + 1r(v − l).
(2) If there is an absolute line of size l, then v + 1r(v − l + 1).
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We now proceed the proof of the main result.
Proof of Theorem 1. In all cases, the upper bounds follow from Eq. (1). It remains to check the corresponding lower
bounds.
Item 1: (when q is odd) Given i, 0 iq − 2, let us analyse the conﬁguration Di = (Vi,Bi ) in Theorem 4. Since
the characteristic of the ﬁeld Fq is not 2, the point (i, i2/2) is well deﬁned and so the line B(i, i2/2) ∩ Vi in Bi
has size q, because (q, i) does not belong to Vi . But the point (i, i2/2) belongs to the conic x2 − 2y = 0, thus
B(i, i2/2) ∩ Vi is an absolute line with minimum size l = q. Apply now Theorem 5(2) on (Di , i ). Since v = q2 + i,
taking n = v − l + 1 = q2 − q + 1 + i, the desired bound follows.
Item 2: (when q is even). Pick any i, where 1 iq −1. Since the characteristic of Fq is 2, the absolute points (x, y)
are the same points of the degenerated conic x = 0, and so the absolute line B(0, y) ∩ Vi in Bi has size q + 1 when
i1. Wherever i1, there is at least one line of size q in Di = (Vi,Bi ), for instance, the line B(q, 0) ∩ Vi satisﬁes
this property. In this case, apply Theorem 5(1) on (Di , i ), which implies the lower bound for n = q2 − q + i.
For the case where n= q2 − q − 1, take the conﬁguration D = (V ,B) spanned of D by deleting from V the absolute
points and the point (q, 0). Therefore
V = ({1, 2, . . . , q} × Fq)\{(q, 0)} and B = {Bv ∩ V : v ∈ V }.
By construction, note that B(x,y) = B(x,y)\{(0, y)} for every (x, y) with x1 and B(q,z) = B(q,z) for any z1. The
polarity  restricted to V ∪B is denoted by . Since (D, ) is a conﬁguration (q2 − 1, q) without absolute point, apply
Theorem 5(1).
Item 3: It remains to show the new class of exact values: when n = q2 − 2q + 1. The structure ̂D = (̂V ,̂B) arising
from Construction C is a conﬁguration with parameters (q2 − q, q − 1). By construction,
̂B(x,y) = B(x,y)\{(0, y), (q, x)}
for every point (x, y), with x1, thus ̂D does not contain any absolute point. Because there is not absolute line in ̂D,
use Theorem 5(1). The proof is complete. 
Remark 1. Analogously, the lower bound for r(q2) is also derived by Theorem 5(1) on (D, ) (Construction A), while
the case r(q2 + 1) in Eq. (2) can be deduced from the design (D+, +) through Theorem 5(2).
Remark 2. In particular, the class of graphs induced by (D0, 0) produces a construction due to Lazebnik and
Woldar [9].
4. Concluding remarks
A related extremal problem concerns on the following numbers: let b(n) be the least positive integer b such that
given any subgraph H of the complete bipartite graph Kb,b, H contains a copy of the four-cycle C4, or there is a copy
of the star K1,n in the complement of H (relative to Kb,b).
This function denotes a special case of the bipartite Ramsey numbers, a variant introduced by Beineke and Schwenk
[1]. On the basis of resolvable designs, Carnielli and Monte Carmelo [3] have obtained the numbers
b(n) = n + q (8)
for any n in the range q2 − q + 1nq2, where q is a prime power.
As another application, the conﬁgurations given here also yield these optimal lower bounds, according to the next
proof.
Proof of Eq. (8). Apply [3, Proposition 1] for the upper bound. On the other hand, the lower bound is based on the
Levi transformation (see details in [11]), described as follows. Let the bipartite graph Hi = (Xi ∪ Yi, Ei) be formed
by two classes of vertices Xi = {xv, v ∈ Vi} and Yi = {yv, v ∈ Vi}, whose edges of Hi satisfy the rule: xuyv ∈ Ei if
and only if u ∈ Bv , where Bv denotes a line of Di . A simple argument shows that Hi is quadrilateral-free. Using the
polarity, the minimum degree of Hi is q. 
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Remark 3. The Levi graphs arising from the conﬁgurations of kind D yield sharp lower bounds when n = q2 − q,
implying b(q2 − q) = q2.
Acknowledgements
The author is indebted to Professor A. Gonçalves for valuable discussions, and Professor Y. Kohayakawa for pointing
out some of the references. The author also thanks the referees for constructive remarks.
References
[1] L.W. Beineke, A.J. Schwenk, On a bipartite form of the Ramsey problem, Congr. Numer. 15 (1975) 17–22.
[2] W.G. Brown, On graphs that do not contain a Thomsen graph, Canad. Math. Bull. 9 (1966) 281–289.
[3] W.A. Carnielli, E.L. Monte Carmelo, K2,2 − K1,n and K2,n − K2,n bipartite Ramsey numbers, Discrete Math. 223 (2000) 83–92.
[4] G. Chen, A result on C4-star Ramsey numbers, Discrete Math. 163 (1997) 243–246.
[5] P. Erdo˝s, A. Rényi, V.T. Sós, On a problem of graph theory, Studia Sci. Math. Hungar. 1 (1966) 215–235.
[6] A. Gonçalves, E.L. Monte Carmelo, Some geometric structures and bounds for Ramsey numbers, Discrete Math. 280 (2004) 29–38.
[7] M. Hall Jr., Combinatorial Theory, Series in Discrete Mathematics, Wiley, New York, 1986.
[8] D.R. Hughes, F.C. Piper, Projective Planes, Graduate Texts in Mathematics, vol. 6, Springer, New York, 1973.
[9] F. Lazebnik, A.J. Woldar, New lower bounds on the multicolor Ramsey numbers rk(C4), J. Combin. Theory Ser. B 79 (2000) 172–176.
[10] T.D. Parsons, Ramsey graphs and block designs I, Trans. Amer. Math. Soc. 209 (1975) 33–44.
[11] T.D. Parsons, Graphs from projective planes, Aequaciones Math. 14 (1976) 167–189.
[12] T.D. Parsons, Ramsey graphs and block designs, J. Combin. Theory Ser. A 20 (1976) 12–19.
[13] S. Radziszowski, Small Ramsey numbers, Electronic J. Combin.—Dynamic Survey 1.10, revision 2004, (http//www.combinatorics.org).
